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1. Introduction. 

A great interest to the theory of Hypergeometric functions of several variables was 
due to Solutions of many applied problems of differential equations of partial derivatives 
which are used with the help of such Hypergeometric functions. For instance, the energy 
absorbed with nonferromagnet conductor sphere included in internal magnet field, are 
calculated with the help of such functions [1]. The Hypergeometric functions of several 
variables are used in quantized chemistry as well [2]. Especially, in gas dynamics many 
problems lead to solution of degenerating second order partial differential equations. For 
instance, the problem of adiabatic fiat-parallel without whirlwind gas flow and the flow 
problem of supersonic current from vessel with fiat walls, also a lot of problems connecting 
with gas flow [3]. 
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We note that the Riemann’s functions and fundamental solutions of the degenerating 
second order partial differential equations are being defined by Hypergeometric functions 
of several variables [4], In investigation the boundary value problems for these equa¬ 
tions we need decompositions for Hypergeometric functions of several variables which are 
expressed through simple Hypergeometric Gauss and Appell’s functions. 

The operator method has been used in papers [5-7] and found decompositions for 
Hypergeometric functions of two variables which are expressed through Gauss Hypergeo¬ 
metric functions of one variables. 

Over four decades ago by H.M.Srivastava was introduced Hypergeo metric functions of 
three variables [ 8 ] 
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In this work we construct decompositions for Hypergeometric functions (1.1)-(1.2) 
with the help of Burchnall and Ghaundy [5-7] method. These decompositions consist of 
simple Appell’s functions and Gauss functions. Further, by means of obtained decompo¬ 
sitions we determine some dehnite integrals connecting with functions ( 1 . 1 )-( 1 . 2 ). 


2. Main operators. 

Over six decades ago, Burchnall and Ghaundy [5, 6 ] and Ghaundy [7] systematically 
presented a number of expansion and decomposition formulas for double hypergeomet¬ 
ric functions in series of simplest Hypergeometric functions. Their method is based on 
following inverse pairs of symbolic operators: 


T (h) T (i5i + ,52 + h) {- 62 ), 

■ T{6^ + h)T {62 + h) to ’ 

T{5^ + h)T{5, + h) ^ Mi)feM2), 

T (h) T (51 + 52 + h) to(^-h-h- k\ 
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( 2 . 2 ) 


fc=o {h + k - 1)^ ((5i + h)f^ {82 + h)f^ k\ ’ 


^xy ^xy (0 ■ 


r {h) V ((5i + 52 + h)v (5i + /) r (^2 + /) 
r ((5i + h)T (52 + h)T (/) r (5i + 52 + /) 

(1 - h\ { 1)21 i-Si), (- 52 ), 


^ (/ + /c - 1)^ (/ + 5i)^ (/ + 52 )^ k\ 


= E 


ih-l),{l)2i{-Si),{-S2), 


(h),{l-l-5,-62),k\ ’ 


(X ^ X ^ \ 

(5i := x—; 52 := y—)- 


k=0 


dx 


dy' 


(2.3) 


We now introduce here the following multivariable analogues of the Burchnall- Chaundy 
symbolic operators Vxy{h) and A^y {h) dehned by (2.1) - (2.3), respectively (cf. [9, p. 
240]; see [10, p. 113] for the case when r = 3 ): 


and 


Xi-,X 2 '--Xr 
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= E ■ 

/C 2 5 • • • ? — 0 
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^^)k2 + ... + kr 

^ 2 ! • ■ ■ K\ 


(2.4) 
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r (h) r (5i + 52 + ■ ■ ■ + 5^ + h) 
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'^r)k2+...+k 
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k 2 \--- kr\ 


{-^ 2 ) 
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= Y _ 
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(2.5) 


where we have applied such known multiple hypergeometric summation as (cf. [11]; see 
also [12, p. 117]) 
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for the Lauricella function in r variables, defined by (cf. [11]; see also [13, p.33. 
Equation 1.4 (4)]) 


E 


(a; 6i, • • •, K] c; xi,X 2 , ■ ■ •, Xr) := 

(®)mi +m2-\ - hrriT ih) 

mi (br) 


mi,m2,---,mr=0 -hmr ''^ 1 -^ 2 ! ‘ ' ‘ Tn-r^- 

(max{|a;i|,..., \xr\} < 1), 


nhL^mi m 2 
Xi X 2 


• • • 


(2.7) 


{h)k - Pochhammer’s symbol. 


3. Main operator identities. 

According to operators (2.1)-(2.5) for Hypergeometric functions (1.1)-(1.3) we find the 


following operator identities 

HA{a,/3i,/32]-fi,^2]x,y,z) 

= (a) Vxy (A) F (a, /3i; 7 i; x) Fi {(52] A, a; 72 ; y, z ), (3.1) 

Hb (a,/3i,/32;7i,7,7;a(,|/,2:) 

= (a) Vccy (A) ^yz ( 7 ) F (a. A; 7 i; x) Fi (A; A,«; 7 ; y, A, (3-2) 

Hc{a,(3i,(32;'^]x,y,z) 

= ^xz (a) Vxj; (A) E ( 7 ) F (a, A; 7 ;x)Fi (A; A, «; 7; y, 2 :), (3-3) 

Ha (a, a, A; 71 , 72 ; (T,!/, a 

= (a) (A) ( 72 ) F (a. A; 7 i; A ^2 (A; A,«; 72 , 72 ; y, , ( 3 . 4 ) 

Hb (a. A, A; 7 i, 72 , 73 ; y, A 

= (a) (A) F (a. A; 77 a() F 2 (A; A, «; 72 , 73 ; I/, A , ( 3 - 5 ) 

Hc{a,(3i,(32-,7]x,y,z) 

= '^xz (a) '^xy (A) '^yz (j) A„ ( 7 ) F (tt. A; 7 i A A 2 (A; A,«; 7 , 7 ; y, A, (3-6) 
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HA{a,/3i,/32;'yi,'y2]x,y,z) 


= '^xz (a) (/?i) Vyz (/^s) F (a, / 3 i, 71; x) F3 (/ 3 i, /^s, /32, a; 72; y, z), ( 3 . 7 ) 

Hb (a, a,/ 32 ; 71,7,7; a:, I/, 

= Va,^ (a) V^y {I 3 i) Vyz {132) Vyz ( 7 ) F (a, / 3 i; 71; x) F3 {132, a, / 3 i, 132; 7 ; V, z) , ( 3 . 8 ) 

Hc{a,l 3 i,l 32 ;^;x,y,z) 

= {a) Vxy (/ 3 i) Wyz {(32) (7) F {a, / 3 i; 7; x) F3 (/32, /32, / 3 i, a; 7; y, ^) , ( 3 . 9 ) 

HA{a,a,/ 32 ;'yu'y 2 ;x,y,z) 

= Vxy (a) Va,z (a) Ayz (a) Ayz (72) F {a, a; 71; x) F4 (a, /32; 72,72; y, A , ( 3 - 10 ) 

Hb {a, a, ^2; 7i, 72,73; a;, y, z) 

= '^xz (a) Vxy (a) Ayz (a) F {a, a; 71; x) F4 {a, /32, 72,73; y, z), ( 3 . 11 ) 

Hc{a,a,l 32 ;'y;x,y,z) 

= '^xz (tt) Vxy (tt) Ayz (a) Ayz (7) Aj; (7) F {a, a; 7; x) F4 {a, (32, 7,7; y, z), (3.12) 

HA{a,/ 3 i,/ 32 ;-fi,-f 2 ;x,y,z) 

= '^xz (a) Vxy {( 3 i) Vyz {(32) Ay^ (72) F {a, ( 3 i; 71; x) F {(3i,(32; 72; y) F {a, (32, 72; z), 

(3.13) 

Hb {a, I 3 i, (32; 71,72,73; x, y, z) 

= ^xz (a) ^xy {I 3 i) Vyz {(32) F {a, / 3 i; 71; x) F {I 3 i, (32; 72; y) F {a, (32; 73; z), ( 3 . 14 ) 

Hc{a,(3i,(32;'y;x,y,z) 

= Vxz {a) Vxy (A) Vyz {^2) Ayz (7) A^ (7) F {a, ^i; 7 ; x) F {^1,^2, i;y)F {a, (32; 'y;z), 

( 3 . 15 ) 

The operator identities for Hypergeometric functions Ha ,Hb, He can be proved with 
the help of Mellin’s transformation [14]. For instance, we show that the operator identity 
(3.1) is true. According to known E.W.Barnes dehnition [12, p.40] we have 
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F (a; b; c; x) = 


1 r(c) 


+ioo 


a + si,b + si, -Si 
c + Si 


27rir(a)r(6) J 

—ioo 

c 7^ 0, —1, —2,... and Re Si < 0, Re (a + Si) > 0, Re (6 + Si) > 0 , 


(—dsi, (3.16) 


d (a; bi, 62; c; x, y) — ^^2 r(a)r(feijr(fe2) 


+200 +200 


—200 —200 


+ 5i + 52, + 5i, 62 + '^2, ”^52 

C + 5 i + 52 


(-x)'^ (-y)""^ dsids2, (3.17) 


c 7^ 0, —1, —2,... and 


Re Si < 0, Res2 < 0, Re (a + si + S2) > 0, Re (&i + si) > 0, Re (62 + -§2) > 0, 


By using equality 


Ha (a, +, +; 7i, 72; x, y,z) = (/^2; + + m, a + m; 72; y, 2:), 


rn=0 


we find 


Ha (a, +, +; 71,72; x, ?/, 2:) = 


1 r (71) r (72) 


+200 +200 +200 


—200 —200 —200 


87r2*r(«)r(+)r(+) 

tt + Si + S3, + + Si + S2, + + -52 + <§3, —Si, —S2, —S3 

7l + -51,72 + S2 + -S 3 
• (-+*^ {-yY^ {-xY^ dsids2ds3, 


(3.18) 


71,72 7^ 0, —1,—2,... and Resi < 0, Res2 < 0, Res2 < 0, Re (a + si + S3) > 0, 
Re (/?! + Si + S2) > 0, Re (+ + S2 + S3) > 0, where 


Gt-i, Q>2 5 • • • 5 
61 , 62 , •••, 6 n 


r (ai)r(a2) ■ ■ ■ r (a^) 


r( 6 i)r( 62 )---r( 6 „) 

Therefore, from equalities (3.16)-(3.18) we can have the following 


r (c) 

F (a; 6; c; x) -H- „ , . „ T 


a, + Si, 6 + Si, —Si 

c + Si 


r (a) r (6) 

c 7^ 0, —1, —2,... and Re Si < 0, Re (a + Si) > 0, Re (6 + Si) > 0 , 


(3.19) 
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r (c) 

Fi (a; hi, 62 ; c; x, y) T 

r (a) r ( 61 ) r ( 62 ) 


a + <§1 + S 2 , hi + Si, 62 + "52, —Si, — S 2 
C + <§1 + S2 

(3.20) 

c 7 ^ 0 ,- 1 ,— 2 ,... and Resi < 0 , Res 2 < 0 , Re (a + Si + S 2 ) > 0 , Re (61 + Si) > 0 , 
Re (62 + S 2 ) > 0 , 


HA{a,/3i,/32]-fi,^2]x,y,z) 

o; + <Sl + <§ 3 , /?! + <Si + S 2 , 1^2 + S 2 + S 3 , —Si, —S 2 , —S 3 

, (3.21) 

7 i + ^ 1,72 + S2 + S3 

71,72 7 ^ 0, —1, —2,... and Resi < 0, Res2 < 0, Res2 < 0, Re (a + si + S 3 ) > 0, 
Re (/?! + Si + S2) > 0, Re {(32 + S2 + S3) > 0 . 

At present we proof identity (3.1). Applying Mellin’s transformation in both parts of 

(3.1) and taking into account equality 

(3-22) 

i = 1,2,3 , moreover lim (x) = 0, j = 0,1,..., A; — 1, and from definition for 

x—>-0 

( 2 . 1 ) we have 


r(7i)r(72) 

r{a)r{(3i)r{(32) 


HA{a,/3i,/32]'yi,'y2]x,y,z) 

a + Si, a + S3, /?! + Si, /?! + S2, (32 + S2 + S3, —Si, —S2, —S3, 
7 l + ^ 1,72 + S2 + S3 
(-^l)*(-^l),(-^2),(-S3)i 


., r (71) r (72) 
r2(«)r2 (A)r(/?2) 


■E- 

i,j=0 


a).{(3i).i\j\ 


(3.23) 


By virtue of identity [15], 


F (a, b] c; 1) = 


r (c) r (c - a - 6 ) 


r(c-a)r(c-&)’ 

(Re (c — a — 6 > 0, c ^ Zq := {0, —1, —2, —3, • • •}), 


for expression (3.23) we have the following 

^ (“'^2)7 {~S 3 )i _ r (a) r (a + Si + S3) r {( 3 i) r [( 3 i + Si + S2) , s 

r(Q; + si)r(a + s3)r(/3i + si)r(/3i + s2)‘ 
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Substituting equalities (3.24) into expression (3.23) and after simplest calculations we 
derive the operator identities (3.1). Analogically, with the help of Mellin’s transformation 
can be proved the other operator identities. 


4. The Decompositions for Hypergeometric functions Ha, Hb, He. 

Applying operators and superposition of operators from identities (3.1)-(3.15) we have 
the following 


HA{a,/3i,/32-nin2]x,y,z) 


(/^2)j+j i+i 7 - 

i^o (7i)i+j (72)i+,A!j! 


■F{a + i+j,/3i+i + j; 'yi + i + j; x) {/32 + i + j; /3i + i + j,a + i;j 2 + i + j] y, z), 

(4.1) 


Hb {a,/3i,/32;jin,-f,x,y,z) 


i^)i+j+k (/^ 2 ) 2 t+j+fc j+k i+j i+k 

i,j,k=0 (7l)j+fc 


F {a + i + j + k, /3i + i + j + k] + j + k; x) 


Fi{/32 + 2i+j + k;/3i+i+j,a + i+j + k;'y + 2i+j + k] y, z ), (4.2) 


Hc{a,/3i,/32-,'y,x,y,z) = 

^ (~1) io^)i^2j+k+l (/^l)2i+jr'+fc+/ (l^‘^)i+j+k+l i'y)2i+2j ^i+j+k+lyi+k^j+l 

(7 + * + i - !)*+,• i7)2i+2j+k+i i7)2i+2j+k+i i'-j'-k'-l'- 

Pi (/^2 FiFjFkFl', [iiF2iF jFk,(y.FiF 2] FkFl','yF2i F 2] FkFl',y,z'), 

(4.3) 


Ha {a,/3i,/32]ji,j2]x,y,z) = 

^ /_i \k ( 72 ) 2 ^; i^)i+j+k i/^‘^)i+j+2k i+k 

jLo (72 + A; - l)fc (7i)i+, (72)i+2fc (72),-+2^ i'-j'-kl 

F {a + i + j + k, l3i + i + j + k^'ji + i + j;x) 


F 2 {/32 + i+j + 2k]/3i+j + k,a + i+j + k; 72 + j + 2k, 72 + i + 2/c; y, ^), (4.4) 



Hb {a,/3i, 132; 73] x,y,z) 


^ ( 0 ^)^+^ (A)t+j {/32)i+j i_^_^ , 
;^o(7l)i+j(72)j(73)i*!j! 


■F{a + i+j,/3i + i+ j] 71 + i + j] x) F 2 [132 +i + j] A + i + j, a + i; 72 + j, 73 + i] y, z) 


(4.5) 


Hc{a,/3i,/32]7]x,y,z) = 


= E 


(«). 


Wi) Wl)2^ 


\k^^y2i-\-j-\-k-\-l H-\-j-\-k-\-l-\-2r 




,j,k,i,r=o (7 + * + J - l)i+j (7 + 2 i + 2 j + /c + / + r - 1 )^ (/ 5 i) 2 i+j+fc 
(7)2j+2j 


(7)2iH 
■F (a + i 

F 2 (/32 + * 


( 7 ) 


2i+2j+k+l \ I J2i+2j+k+l+2r "v- 




_^i+j+k+lyi+k+r zJ+l+r _ 


r, a + i + 2j + k + I + r; 


<y,z) 


(4.6) 


(/^2), (7i),+fc (72)2*+,•+fc 
F (a + i + j + /c, /9i + F 

F3 (/ 3 i + i + J, /32 + * + ^, /52 + i + J, a + i 


71/,^), 


(4.7) 


= E 


Hb (a, /3i, ^ 2 ] 7i, 7,7; V, z) = 

i^)j+2k+l i(^^)i+j+k+l (/^2)2j+j+fc (/^2)2i+j+Z 


^k+lyi+j+k ^i+j+l _ 


E 


,jX^=o (/^ 2 ) 2 *+j (7)i ( 7 ) 2 i+ 2 j+fc+z (7i)fc+z 

■F {a + j + 2k + l,l3i + i + j + k + l] 7 i + k + l]x) ■ 

^ 3(^2 + 2i + J + /c, Q; + i + J + /c + /,/?! + i + J + /c, /32 + 2i + J + /; 

7 + 2 i + 2 j + /c + /;|/,^), 

Hc{a,l3i,l32]7]x,y,z) = 

«)iH 


(4.8) 


(-1)*^^' («).H 


.(A)24 


2+2jfH-/cH-/ v^72+2jH-/cH-r VA^J-/22+jH-/cH-/+r v ^722+2jf 


((^ 2 ) 


( 7)2 


=0 (7 + * + i-i)i+,(tt)* 


i,j,k,l,r=0 

.^i+J+k+lyi+l+r^j+k+r . ^ ^ 


( 7 ) 


i-\-j V^/2+2jfH-/c V ^ 7 2'i+2jfH-/cH-/ v ^ 7 2'i+2jfH-/cH-/+2r ' 


( 7)2 


!nr! 


-F 3 (/32 + i 


■r,l32 + i + j + k + l + r,l3i + 2i + j + k + l + r,a + i + 2j + k + r] 
]7 + 2i + 2j + k + I + 2r]y, z), (4.9) 
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= E 


X^+^yj+^z^+K 


Ha (tt, / 3 i, f32; 71,72; x, y, z) = 
ia)i+j ia)i+k i^i)i+j+k i^2)i+j+k (72 - ^2)k 
i,t^=o h2 + i + J + k- 1);. (a). (7i)i+, ( 72 )i+,+ 2 fc i'-j'-kl 
■F {a + i+ j,l3 i+i+ j; 71 + i + j; x) ■ 

■F {/32 + i + j + k, /3i + i + j + k-,'y2 + i + j + 2k-, y) ■ 

■F {(52 + i + 3 + k, a + i + ^,--^2 + i + 3 + 2k-, z), 


(4.10) 




//s (a,/3i,/32;7i,72,73;a;,|/,^) = E ^ / n / n / n •|■|7^ 

i,^=o (7i)i+fc ( 72 )*+^ (73)j+fc*!j!fc! 

F (a + i + j + /c, /3i + i + j + /c; 7i + i + /c; x) F (/3i + i + j, /32 + ^ + j; 72 + i + j; |/) 


^ (/^2 + J + a + i + j + /c; 73 + j + /c; 2 :), 
Hc{a,/3i,l32-,^-,x,y,z) = 

— 1) {o')^_^ 2 j+k+l+r (i^l) 2 *+J+fc+Z (/^l) 2 i+j'+fc+r ((^2) j_|_j_|_7j_|_;_|_j. 

,i,^rr=o (7 + * + J - 1 )*+J (7 + 2 i + 2 j + A; + / + r - 1 )^ (A)2*+j+fc 

(7)2j+2j(7 /^ 2 )j_|_j;_|_j. 


(4.11) 


= E 


(7 1 ^ 2 ) i^j (7)2i+2j+fc+( (7)2i+2j+fc+Z+2r kj.k.l.T. 

■F {a + i 


^i+j+k+lyi+k+r ^j+l+r _ 



r, Pi+ 2i + j + k + r^-y + 2i+ 2j + k + I + 2r-,y) ■ 


r, a + i + 2j + k + I + r-, 'y + 2i + 2j + k + I + 2r-, z), (4.12) 


HA{a,Pi,P2]li,l2,x,y,y) = £ ( X+j y^+J_ 

(7i)i+,-(72)i+,-*!j! 

■F (a + i + j, /3i + i + j; 71 + i + j; x) F (/^s + i + j; a + /3i + 2i + j; 72 + i + j; y) (4.13) 


(^2)2»+j+fc_7+fc„.2i+.7+fc 


a;-" y 


(4.14) 


Hs (a. ft. ft; 7.. 7. 7 ; x. y. ft = 

F (a + i + j + /c, /9i + i + j + /c; 7 i + j + A;; x) 

{P 2 + 2A + j + /c; Q; + /?! + 2A + 2j + A;; 7 + 2A + j + A;; ?/) 

Hc{a,Pi,P2]7',x,y,y) = 

^ (~1) (Q:) 7 + 2 j+fc+Z {Pl) 2 i+j+k+l il^‘i)i+j+k+l i'y) 2 i+ 2 j ^i+j+k+lyi+j+k+l 

i,j,k,i=o (7 + * + i - i)i+j (7) 2 ?-j-2 j-|-/c-|-/ (7) 22-|-2 j- l-/c-|-/ 

F {P2 + A + J + A; + /; a + /?! + 3 A + 3 j + 2 A; + /; 7 + 2 A + 2 j + A; + /; y) ( 4 . 15 ) 
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5. Proofs of the received decompositions. 

Case 1. Decomposition (4.1) can be proved with the help of integral representation, 


i.e.: 


HA{a,/3i,/32]ji,j2]x,y,z) = 


r(7i)r(72) 


1 1 


0 0 


r (A) r(/32)r(7i-/3i)r (72-/32) 

^/3i-i^/32-i [/I _ (1 _ 

(5.1) 

Re/3i > 0, Re/32 > 0, Re (71 — /3i) > 0, Re (72 — /32) > 0. 

We shall prove decomposition (4.1). For this purpose, we shall take advantage of 
integral representation (5.1). Taking into account formula 


a 


[(1 - yy) (1 - zy) - x^] “ = [(1 - x^) (1 - yy) (1 - zy)] “ ^ (5-2) 

i,j=o 


where 


(Ji = 


xz^y 


(Jo = 

(1 - x^) (1 - yy) (1 - zy) ’ (1 - x^) (1 - yy) ’ 

Substituting equality (4.2) into integral representation (4.1), we hnd 


xyiy 


(5.3) 


a 


HA{a,/3i,/32]yi,y2]x,y,z) = ^ ^-f^x^^^y^z^ 


r(7i) 


r(/3i)r(7i-/3i) 


i+j—l 


( 1-0 


71—/ 9 i-l 


(1 - xO 


-a-i-j 


di 


r(72) 


r(/32)r ( 72 -/ 32 ) 


y 


/32+*+i-i 


(1-7) 


72—.^2 —1 


(1 - yy) 


-pl-i-j 


{l-zy)-'^-Uy. (5.4) 


By virtue of integral representations 


1 

/ di = 


r (6) r (c - 6) 


r(c) 

Re6 > 0, Re {c — b) > 0, 


F (a, b; c; x ), 


n“ “(1-1))' “ “(1-!)')) ‘‘(l-^’)) <ii) =-Idlk— '^Fi(a,bi,b 2 -,c,y,z), 


r(c) 


Re a > 0, Re (c — a) > 0, 
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from (4.4) follows decomposition (3.1). 

Case 2. The obtained operator identities (2.1) - (2.15) consist of the operator or super¬ 
position of operators (1.1) - (1.12). We shall show, as it is possible to apply superpositions 
of operators for Hypergeometric function. For instance, we consider decomposition (3.7). 
It’s easy to see, that equality takes place 


(/52)„ (/52)p («)p ,,,^0 («)*+i (/^2)i+,+fc t\3\k\ 

Taking into account the identities (4.5), from parity (2.7), we have 

N _ (/^2)j (/^2)i {a)i (-<^l)i+j (-(^2)i+fc i-^3)j+k 


Ha {a 


,(3i,(32]li,^2-,x,y, 


i,j,k=o \yz/i+j+k 

■F (a, I3i; yp x) Fg (/^i, + i, 132 + J, a + i; 72; |/, 2:) 


(5.6) 


By virtue of the formula [16, p. 93] 

(i + o) (i + o + 1) ■. ■ (i + a + r - 1) / (0 = (0], (5.7) 

where / {x) - analytic function, we hud that 

{-S)rf(0 = {-1YC-Ff(0. 

We have 


{a,f3i;-fi;x) = (-1) 


i+j ((^1)1+7 i-l-1 


(71 


'i+j 


x'^^F {a + i + j, I3i + i + + i + j; x ), 

(5.8) 

(-<^2)i+fc (-^3)j+fc H 3 (/ 3 i ,/32 + i,/32 + j, a + i] 72; y, z) = 

— ( 1 y+t „.i+k j+k (*^)i+i+fc (/^l)7+fc (/^2).i-|-j-|-fc 

^ ^ («). (A), ((92), (72),+,+2. ■ 

■F3 (/5i + i -f A;, /92 + i + j + A;, /52 i -h j + A;, a -f i -1- j -f A;; 72 j -h 2/;;; ?/, ;2), (5.9) 


Substituting identities (4.8) - (4.9) into equality (4.6), we obtain the decomposition (3.7). 
Case 3. The integral representation exists for Hypergeometric function 

Hb (a, a,/32; 71,72,73;a;,!/, ^). 


Hb (a, /?!, /^a; 7i, 72,73; x, y, z) 


_ r (71) r (72) r (73) _ 

r (/3i) r { 132 ) r (a) r (71 - ( 3 ^) r (72 - (32) r (73 - a)' 
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Ill 

'III (1 - (1 - (1 - • 

0 0 0 

(1 - - 2 ;() 1 +^i-^ 2 -t'i . [(1 - C) (1 - X^) (1 - yr]) + xy^ycy^~'^~^ ■ 

■ [(1 - 0 (1 - yv) O + d^dydC ( 5 . 10 ) 

Rea > 0, Re/9i > 0, Re /92 > 0, Re (71 — Pi) > 0, Re (72 — P 2 ), Re (73 — a) > 0. 

We shall prove the decomposition (3.11). 


[(1 -0(1- xO (1 - yv) + xy^vCV^-^-^ = (1 - a;0"^-“-' (1 - (1 - • 

(l + a-73). / xy^yC V 


■E 

i=0 


i\ 


{I - xi) {I - yy) {I - C), 


(5.11) 


[(1 - 0 (1 - yv) {^-x^- z() + yz^yCP^ ^ = (1 - 0^' ' (1 - VV) 

( 1+0 - 7 i) f _ yx^vc _y 


\7i-9i-1 


' 11 - 01-1 


■(1-x^- z()' 


E 

j=0 


(i-0(^-yv)(^-x^-z()^ 


(5.12) 


Substituting (4.11)-(4.12) in integral representation (4.10), we dehne 


Hb (a, Pi, P 2 ; 7i, 72, 73 ; X, y, z) = 


r(7i)r(72)r(73) 


r iPi) r {P2) r (a) r (71 - pp r (72 - P2) r (73 - «) 




111 


^/3i-l+i+i^/32-l+*+i(70-l+i+jr' 


0 0 0 


M=o ^'-r- 

_ ^^72-/32-1 _ ^^ 73 -a-l-* _ 

■ (1 - a;0^""“"* (1 - yv)~^'~"~^ i^-x^- zC)~^^~^ d^dydC- (5.13) 

By virtue of parity 

{i-xi- zc)~^^~^ = (1 - xp)-^^-^ (1 - zc)~^^~^ f; (E±ik ( —^^ 


fc=o V(i-^0(1-0/ 

(5.14) 


we have 


Hb {a, Pi, P 2 , 7i, 72 , 73 ; x, y, z) 


_ (- 1 )' Ql + g - 73 ), (1 + O - 71 ),■ (/^2 + j)k i+k i+i i+k 

— -I -17.1 X y ^ 

Oji,/c=0 


r(7i) 


r(/9i)r(7i-/9i) 


e 


01-l+i+j+k _ ^yi-01-l-j 


'di 
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r(72) 

r(/32)r (72-/92) 


r(73) 

r (a) r (73 - a) 


^132 1 + 1 +j _ ^^72 h 1 (^x — yif) ^ dr] 


a—l+i-\-j-\-k 


( 1-0 


73—Q;—1—i 


{1 - dC. (5.15) 


and from identity (5.15) we define the decomposition (3.11). 

Case 4. Decomposition (3.8) can be proved by means of equality 


(a) Vxy (/9l) 'Vyz (/92) '^yz (b) = 


0 )m («)p (A)™ (/^ 2 )„ (/ 52 )p 


{<^)j+k (*^)fc ( 0 )^+j (/^ 2 )i (q + J + k)^ {a + fc)p (/3i + i + j)^ (/j 2 + i)^ {132 + i)^ 

i‘^)i+j+k+l il^^)i+j+k il^‘^)2i+j (5')i 

( *^l)fc+Z ( 0 )j_|_j_|_/j ( 0 )j-|-j-|-; /Cl 


E 

ij,k,l=0 


Taking into account the identities (4.16), from parity (2.8), we have 
^ r o o ^ 0 ^ («),+fc (a)OA)i+x ((^ 2 )? 

Hb (a, A, / 32 -, 71, 7 ,7; a:, y,z)= 2^ 

i7fc,z=o Wi+j+k+i m)i+j+k W2)2i+j {Viy-r-ku\ 
■ {-^i)k+i F {a + j + k, /3i + i + j; 71 ; x) • 


(5.16) 


We have 


• i-d2)i+j+k (- 0 )i+j+z F3 {132 + i,a + k, / 3 i, (32 + f; 7; I/, 0 


(-<^i)fc+z F (a + j + A;, A + i + j; 77 0 = 


(5.17) 


^fc+z (“)i+ 2 Zc+Z ( 0 )i+j+Zi;+Z 


= ^k+i ^>^+3+.+^ p (c, + _^- + 2 A; + /, / 9 i + * 

(a),-+fc (/5i)/+j (7i)fc+z 


{-h)i+j+k (-0)i+j+z F 3 (/32 + i, a + /c, A, /32 + i; 7 ; I/, 0 = 

= / x0+^ yi+.i+k^i+j+l 0)z+i+fc+z (0)z+i+fc (/^ 2 ) 2 i+j+Zc {P 2 ) 2 i+j+l 

(«)fc (/^ 2 )j (7)2j+2j+Zc+Z 

Fz{I32 + 2f + jT /c, q; + i + j-|- /c + /,/?!+ i + j-|- /c, /32 + 2f + jT /; 

7 + 2f + 2j + A; + /;|/, 2 :) 


(5.18) 


(5.19) 


Substituting identities (4.18) - (4.19) into equality (4.17), we obtain the decomposition 
(3.8). 


6. The Integrals. 
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With the help of the obtained decompositions can be easily found the following inte¬ 


grals connecting with Hypergeometric Ha, Hb functions 

r(7i)r(72) 




1 1 


r (A) r(/32)r(7i-/3i)r (72-/32) 

_ ^^ 72 -/ 32-1 /X — — ZT])' 


0 0 


■F a,l32,l3i, 


xy^T] 


di dy, 


(1 - yy) {l-xi- zy)) 

Real > 0, Re (71 — ai) > 0, Rea 2 > 0, Re (72 — a 2 ) > 0, 

r(7i)r(72)r(73) 


( 6 . 1 ) 


Hb (a, /3i, 71 , 72 , 73 ; x, y, z) = 


r2 (a) r (/3i) r (71 - a) r (72 - /3i) r (73 - a) 


1 1 1 




'yi—a—l 


(l-y) 


72 -/ 3 i —1 


(1 - (1 - xO 


/32-/3i 


0 0 0 


■ [(1 - ^0 i^-yv- O - xy^y] 


-02 


■F {132 ,1 + /3i 


72 ; a; 


xz^yC 


d^dydC, ( 6 . 2 ) 


V - V) - xO - yV - zC) - xy^y] ^ 

Rea > 0, Re (71 — a) > 0, Re/3i > 0, Re (72 — /3i) > 0, Re (73 — a) > 0. 

These identities can be proved by using the expansions of under integral functions. 
If we use the dehnition for Euler function T {z) ([13], Ch. 1, Sec. 1.2, (1)) 


/ e ^dt. Re {z) > 0, 
z) = ^ 0 

ay£l,Re(2)<0;2 5i-l,-2,.... 


(6,3) 


Then, for Hypergeometric Ha, Hb, Hq functions we hnd the following integral repre¬ 
sentations 


HA{a,f3i,/32-,yi,y2-,x,y,z) = 

r(a)r(/3i)r(/32) 

00 00 00 

III (71; XU1U2) oRl (72; yU2U3, + ZU1U3) dUidU2dU3, 

0 0 0 

(6.4) 


Rea > 0, Re/3i > 0, Re /32 > 0, 


HA{a,/3i,/32-,yi,y2;x,y,z) 
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oo oo 


1 

r(«)r(A) 


oo oo oo 


J J ^ ^^ 2 ^ ^oFi{'yi;xuiU2) iFi {132-^2; yu2 + zui) duidu2, 

0 0 

Re a > 0, Re I3i > 0, 

1 

Hb (a, /3i, [32] 7i, 72,73; x, y, z) = ^ . . , . , . 

i (a) i (pi)i [p 2 ) 


'/ / / ^ ^ oFi{p2]yvO oFi{p3;z^C)d^dydC, 

0 0 0 

Rea > 0 , Re/9i > 0 , Re 132 > 0 , 

Hb (a, /3i, /^a; 7i, 72 , 73 ; a:, y, z) 

OO OO 

^ r (a) r (13 ) 11 (7i; x^y) 'I'a (/52; 72, 73 ; yy, zO d^dv, 

Re a > 0, Re /3i > 0, 


(6.5) 


( 6 . 6 ) 


(6.7) 


Hc{a,/3i,/32]p]x,y,z) 

000000 

r{ \r{R\r{R-) III ( 7 ; x^y + yyC + ^^C) d^dydC, 

r (a) r (Pi) r (P2) a a J 

( 6 . 8 ) 

Rea > 0 , Re/9i > 0 , Re 132 > 0 , 


where [15] 


^2 (a;7i,72;a;,|/) 


a 


V^/m+n 

m7^=o (7i),„(72)„m!n! 


x^y^, 


(6.9) 


and, as usual pFq denotes the generalized Hypergeometric function with p numerator 
and q denominator parameters. For multiple hypergeometric of functions the 

integrated representations are determined in the monograph ([13], Ch. 9, Sec. 9.4, (198)- 

( 200 )). 


7. Conclusion. 


From decomposions (4.1)-(4.15) as a private value can be found the known decompo¬ 
sitions that have been found in [5], i.e. decompositions (4.1)-(4.15) generalize the results 
of [5]. Further, the following decompositions for Hypergeometric Appell’s functions 




Fi(a;l 3 ,l};r,x,y) = Y, 

i,j=0 


2i+2j 


n+j 


(7)2i 


{.1 + i- ^)ib)2i+ji-j- 


X^+jyi+j 


Fi {a + 2i + 2j, /3 + i+j-ryj^2i+j,y + 2i+ j; x, y ), 


(7.1) 
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FAc-,h,hM,r,x,y) = f; 

ij=0 \Ui\U2i+2j''-J- 

Fs {a + 2i + j, a + 2i + j] /3i + i + j, /32 + i + j] 7 + 2i + 2j; x, y ), (7.2) 

have not been found in work [5]. In particular, from decompositions (4.1), (4.2) we can 
find the following identities 


HA{a,l3i,(52]'^i,(52]x,y,z) = {l-y) {I - z) “F a, A; 71 


X 


= i.^-y) ^'( 1 -^) “^4 a,/3i;/32,7i; 


Hb (a, /3i, /32; 7i, /^2, (^ 2 ; a;, ?/, 2 :) 

yz 


{l-y){l-z)^ 


X 


{l-y){l-zy{l-y){l-z)^ 
It should be noted that the following superpositions of the operators 

xy (*^) xz (*^) ^yz (*^) ^yz (^ 2 ) 7 xz xy (*^) ^yz (*^) 1 

xz (*^) ^xy (*^) ^yz (*^) ^yz ( t ) ^x ( t ) 

have not been applied for Hypergeometric functions. 


(7.3) 


(7.4) 
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